Abstract. The coinvariant algebra of a Weyl group plays a fundamental role in several areas of mathematics. The fake degrees are the graded multiplicities of the irreducible modules of a Weyl group in its coinvariant algebra, and they were computed by Steinberg, Lusztig and Beynon-Lusztig. In this paper we formulate a notion of spin coinvariant algebra for every Weyl group. Then we compute all the spin fake degrees for each classical Weyl group, which are by definition the graded multiplicities of the simple modules of a spin Weyl group in the spin coinvariant algebra. The spin fake degrees for the exceptional Weyl groups are given in a sequel.
1. Introduction 1.1. Background. Let V be the irreducible reflection representation of a Weyl group W . The invariant algebra (S * V ) W and the coinvariant algebra (S * V ) W of W are fundamental objects which have connections and applications in many areas of geometry and representation theory. According to Chevalley, the coinvariant algebra (S * V ) W is a graded regular representation of W (see [Hu, Lu2] ). Following Lusztig, the graded multiplicity of a simple W -character ρ in (S * V ) W is called the fake degree of ρ, and it is a polynomial in a variable t which specializes at t = 1 to the degree of ρ. The fake degrees were computed by Steinberg [Stn] in type A n (where W is the symmetric group S n+1 ), by Lusztig [Lu1] for type B n and D n , and by Beynon-Lusztig [BL] using computer calculations for the exceptional types. The formulation and computation of fake degrees have significant applications to finite groups of Lie type, which were systematically developed by Lusztig [Lu1, Lu2] .
We start with a distinguished double cover W for any Weyl group W : 1 −→ {1, z} −→ W −→ W −→ 1. (1.1) Schur [Sch] in 1911 computed the Schur multiplier for the symmetric groups S n and initiated the spin representation theory of S n ; see [Joz2] for a clear new exposition based on a systematic use of superalgebras. The Schur multiplier of W has been computed by Ihara and Yokonuma [IY] (cf. [Kar] ) to be Z 2 or a product of multiple copies of Z 2 . The double cover W in (1.1) appeared in Morris [Mo2] and it corresponds to the choice of 2-cocycle with all elements nontrivial in every copy of Z 2 . Another description of W is as follows. Assume that W is generated by s 1 , . . . , s n subject to the relations (s i s j ) m ij = 1 for all i, j. The double cover W is chosen so that the spin Weyl group algebra CW − := C W / z + 1 is generated by t 1 , . . . , t n subject to the relations (t i t j ) m ij = (−1) 1+m ij . One notable feature of CW − is that it is naturally a superalgebra with each t i being odd.
1.2.
Goal. The goal of this paper and its sequel [BW] is to formulate and compute the spin fake degrees of all simple characters of CW − (which are the graded multiplicities in so-called spin coinvariant algebras), for every Weyl group W ; except type A which was done and expressed in terms of a shifted q-hook formula in [WW1, WW2] . The computation is carried out case-by-case. Neat closed q-hook formulas of spin fake degrees are obtained for W of classical type in this paper; the spin fake degrees for the exceptional types are tabulated in the sequel [BW].
1.3. Formulation. The first problem which we encounter is that no natural candidate for a graded regular representation of CW − is immediately available. We get around the difficulty as follows.
The reflection representation V of W is naturally endowed with a W -invariant bilinear form (·, ·). The Clifford (super)algebra Cl V associated to (V, (·, ·)) is acted upon by W as automorphisms, and the semi-direct product Cl V ⋊W is naturally a superalgebra. Khongsap and the second author [KW1, Theorem 2.4] have established an isomorphism of superalgebras:
In the case when W is a symmetric group, this was established by Sergeev [Se] and Yamaguchi [Ya] . For non-crystallographic reflection groups we cannot make sense of Cl V and (1.2), so we do not consider these groups here or in [BW] . Modules of a superalgebra A are assumed to have a Z 2 -graded structure compatible with the action of A unless specified otherwise. We shall denote by |A| the underlying algebra of A. The Clifford algebra Cl V is a simple superalgebra, and hence the isomorphism (1.2) induces a Morita super-equivalence between the superalgebras H c W := Cl V ⋊ W and CW − (see Proposition 3.3), and the study of the representation theory of CW − is essentially equivalent to the counterpart for H c W . The tensor superalgebra (1.3) Cl V ⊗ (S * V ) W is naturally a graded regular representation of H c W , and hence will be called the spin coinvariant algebra. (This goes back to Wan and the second author [WW1] for W = S n .) The graded multiplicity of a simple H c W -character χ in Cl V ⊗ (S * V ) W will be called the spin fake degree of χ and denoted by P (χ, t).
Under the Morita super-equivalence induced by Φ in (1.2), the simple H c W -module Cl V is shown to correspond to the basic spin CW − -module B W (see Theorem 3.5), and Cl V ⊗ (S * V ) W corresponds to B W ⊗ (S * V ) W . Here the basic spin module B W is the pullback of the simple Cl V -module via a homomorphism CW − to Cl V [Mo2] , and the construction goes back to Schur for W = S n (cf. [Joz2] ). The graded multiplicity of a simple CW − -character χ − in B W ⊗ (S * V ) W is called the spin fake degree of χ − and denoted by P − (χ − , t). It is shown that P (χ, t) and P − (χ − , t) essentially coincide, up to a possible factor of 2 which is determined by Proposition 3.8, when χ corresponds to χ − under the super-equivalence.
Main results.
To simplify notation, we will denote by X n the Weyl group of type X n and the associated spin group algebra by CX − n (except that in type A we write CS − n ); for example CB − n denotes the spin Weyl group algebra of type B n . For W of type B n or D n , the split classes of W (with respect to W ) were classified and the simple ungraded |CW − |-modules were all constructed by Read [Re2] .
By the foundational work in the module theory of superalgebras developed by Józefiak [Joz1] (also cf. [CW, Chapter 3] ), the numbers of even and odd split conjugacy classes determine the numbers of simple CW − -modules of type M and type Q. So, we need to determine which split conjugacy classes given by Read are even or odd. Fortunately, the parity of a split class can be determined easily by the parity of the number of generators in a representative of the given split class.
In this paper we classify the simple CW − -modules, not just the ungraded simple ones. This turns out to be a subtle problem which requires a combination of ideas and approaches case-by-case. To that end, we establish some structure theorems for the superalgebras CW − in type B n and type D n . More precisely, we establish the superalgebra isomorphisms (see Theorems 4.1 and 6.2):
n ⊗ CS n (n odd), (1.4) where we denote Cl 0 n the even subalgebra of Cl n (we also formulate a conjecture on CD − n for n even). The first isomorphism in (1.4) is obtained by reinterpreting [KW3, Theorem 1] for S n , where the role of CB − n was not suspected. The construction and classification of simple CW − -modules immediately follow from such an isomorphism. For D n with n even, we find a simple argument to upgrade Read's results [Re2] .
We in addition calculate the characters of all simple CB − n -modules, and establish a characteristic map similar to the one by Frobenius which relates symmetric group representations to the ring of symmetric functions. We also provide a similar construction and classification for the superalgebra H c
Bn . This allows us to compute a simple precise formula for the spin fake degrees in type B n in terms of a specialization of the super Schur functions and also in terms of the hook lengths and contents of a Young diagram; see Theorem 4.9 and Theorem 5.8.
Note that CD − n can be regarded naturally as a subalgebra of CB − n ; see [KW3, 4.1] . We determine in a precise way how each simple CB − n -module decomposes upon restriction into the simple CD − n -modules, depending on whether n is odd or even. With this available, the spin fake degrees of type D n can then be derived from those of type B n ; see Theorems 6.13 and 7.5. All the spin fake degrees for all Weyl groups are shown to be palindromic, although the proof for the exceptional groups is deferred to the sequel. A similar palindromicity was observed for the usual fake degrees by Beynon-Lusztig [BL] .
1.5. Connections. The formulation of spin coinvariant algebras (1. 3) associated to the spin Weyl groups W has its origin in [KW1] (and [WW1] ), where the main goal was to develop spin Hecke algebras [KW1, KW2, KW3] . The spin (affine nil) Hecke algebras have recently played a basic role in categorification of quantum supergroups. The same double covers W also featured naturally in the recent work of Barbasch, Ciubotaru, and Trapa [BCT] in connection with Springer correspondence and affine Hecke algebras. It would be very interesting to understand why exactly the same spin Weyl groups appear in such diverse settings and to develop any possible connections.
In Lusztig's work [Lu2] , the fake degrees were related to the generic degrees arising from Hecke algebras. In type A, the generic degrees coincide with the fake degrees [Stn] . Recently, the spin generic degrees were formulated and computed in terms of (quantum) spin Hecke algebras of type A [WW3] , and they were shown to coincide with the spin fake degrees of S n (computed in [WW1] ). The quantum spin Hecke algebras beyond type A have yet to be formulated.
Broué-Malle-Michel and others (see [BMM] and references therein) have attempted to generalize to the setting of complex reflection groups various connections among Weyl groups, Hecke algebras and finite groups of Lie type. Our work can be formally regarded as a step toward generalization in the direction of spin Weyl groups.
1.6. Organization. The paper is organized as follows.
The preliminary Section 2 reviews the double covers W of Weyl groups and some basics on the module theory of superalgebras.
In Section 3, we formulate the spin coinvariant algebras, and define the spin fake degrees for the superalgebras CW − and H c W . We formulate Morita super-equivalence of superalgebras, and show that the basic spin CW − -module corresponds to the H c Wmodule Cl V via a Morita super-equivalence (see Theorem 3.5). The results of Section 3 are valid for both classical and exceptional Weyl groups.
In Section 4, the first isomorphism for CB − n in (1.4) is established. We construct and classify the simple CB − n -modules, compute their characters, and establish a characteristic map. Then we reduce the computation of the spin fake degrees for simple CB − n -modules to their counterparts for simple H c W -modules, which is carried out in Section 5.
In Section 6 where n is set to be odd, the second isomorphism for CD − n in (1.4) is established. The simple CD − n -modules are constructed and classified. The relation between simple modules of CB − n and CD − n is worked out precisely. This allows us to reduce the computation of spin fake degrees for D n to the counterparts for B n .
Section 7 on spin fake degrees of D n for n even is the counterpart of Section 6 (which was for n odd), though the detail depends much on the parity of n.
The preliminaries
In this preliminary section, we review various facts on spin Weyl groups and semisimple superalgebras for later use.
2.1. Notation. We let P denote the set of all partitions, OP the set of all odd partitions, EP the set of all even partitions, and SOP the set of all strict odd partitions, i.e., those odd partitions containing no repeated parts. When we wish to consider only partitions of a given n, we add a subscript; thus P n is the set of partitions of n. Additionally, we let P od n be the set of partitions of n of odd length, P ev n the set of partitions of n of even length, and P sym n the set of (conjugate-)symmetric partitions of n. Given partitions α, β, we denote by α ∪ β the partition obtained by collecting and rearranging the parts from α and β.
For a partition λ = (λ 1 , λ 2 , . . .) of n, we write |λ| = n and denote λ ⊢ n. Additionally,
We denote by h the hook length associated to a cell in the Young diagram of λ; the content associated to a cell is defined to be the difference between the column number and the row number of . See the following example. A module over a superalgebra A = A0 ⊕ A1 is always understood in this paper as a Z 2 -graded A-module M = M0 ⊕ M1 whose grading is compatible with the action of A, i.e. A i M j ⊆ M i+j . We shall denote by |A| the underlying algebra of A with Z 2 -grading forgotten, and by |M | the |A|-module with Z 2 -grading of M forgotten.
2.2. Weyl groups. Let W be an (irreducible) finite Weyl group with the following presentation:
In the case of type A n , W is the symmetric group S n+1 . For a Weyl group W , the integers m ij take values in {1, 2, 3, 4, 6}, and they are specified by the following CoxeterDynkin diagrams whose vertices correspond to the generators of W . By convention, we only mark the edge connecting i, j with m ij ≥ 4. We have m ij = 3 for i = j connected by an unmarked edge, and m ij = 2 if i, j are not connected by an edge.
2.3. Spin Weyl groups. The Schur multipliers for finite Weyl groups W have been computed by Ihara and Yokonuma [IY] . The explicit generators and relations for the corresponding covering groups of W can be found in Karpilovsky [Kar, Table 7.1] . In this paper (as in [KW1] ), we shall be concerned exclusively with a distinguished double covering W of W :
We denote by Z 2 = {1, z}, and byt i a fixed preimage of the generators s i of W for each i. The group W is generated by z,t 1 , . . . ,t n with relations
The quotient algebra of C W by the ideal generated by z + 1 is denoted by CW − and called the spin Weyl group algebra associated to W . Denote by t i ∈ CW − the image of t i . The spin Weyl group algebra CW − has the following uniform presentation: CW − is the algebra generated by t i , 1 ≤ i ≤ n, subject to the relations (2.5)
The algebra CW − has a natural superalgebra structure by letting each t i be odd.
Example 2.2. Let W be the Weyl group of type A n , B n , or D n . Then the spin Weyl group algebra CW − is generated by t 1 , . . . , t n with the labeling as in the Coxeter-Dynkin diagrams and the explicit relations summarized in the following Table A . 
. . , t n−1 satisfy the relations for CW
, n, t n−2 t n t n−2 = t n t n−2 t n 2.4. Clifford algebra. Denote by V the irreducible reflection representation of dimension n of the Weyl group W (which is the Cartan subalgebra of the corresponding simple Lie algebra).
Note that V carries a W -invariant nondegenerate bilinear form (·, ·), and let Cl V be the Clifford algebra associated to (V, (·, ·)). Denote by β i the generator of Cl V corresponding to the simple root α i normalized with β 2 i = 1. Note that Cl V is naturally a superalgebra with each β i being odd. We identify V with a suitable subspace of C m (for values of m see Table B below), and then describe the simple roots {α i } for g using a standard orthonormal basis {e i } of C m . It follows that (α i , α j ) = −2 cos(π/m ij ). Let Cl m denote the Clifford algebra of C m which is generated by c 1 , . . . , c m subject to the relations
(Here c i corresponds to the basis element e i .) It is convenient to identify Cl V as a subalgebra of Cl m (see Table B ); we may also identify Cl V with Cl n and shall do so whenever convenient. 
The action of W on V preserves the bilinear form (·, ·) and thus W acts as automorphisms of the algebra Cl V . This gives rise to a semi-direct product
which is called the Hecke-Clifford algebra for W . The algebra H c W naturally inherits the superalgebra structure by letting elements in W be even and each β i be odd.
2.5. Simple modules of superalgebras. In this subsection, we shall recall some standard facts about semisimple superalgebras from [Joz1] (cf. [Kle] or [CW] ).
The space of all (r + s) × (r + s) matrices, denoted by M (r|s), is a superalgebra with the following grading, with the matrices expressed in (r, s)-block form:
The set of 2n × 2n matrices Q(n) = A B B A , with A, B arbitrary n × n matrices, is a subalgebra of the superalgebra M (n|n). Both M (r|s) and Q(n) are simple superalgebras. A classical theorem due to Wall states that all finite-dimensional simple associative superalgebras over C are isomorphic to either M (r|s) or Q(n), for suitable r, s or n.
Theorem 2.3 (Super Wedderburn's Theorem). Let A be a finite-dimensional semisimple associative superalgebra. Then
As in the ungraded case, each simple A-module will be annihilated by all but one of the simple summands in Theorem 2.3. Since there are two types of simple superalgebras, there will also be two types of simple A-modules. We say that a simple A-module is of type M if the summand which does not annihilate it is of the form M (r i |s i ), and of type Q if this summand is of the form Q(n j ). The following generalization of Schur's lemma distinguishes between them.
Lemma 2.4 (Super Schur's Lemma). Let M and L be simple A-modules. Then
Remark 2.5. Let A be a finite-dimensional C-superalgebra. A type M simple A-module remains simple as an |A|-module, while a type Q simple A-module becomes a sum of two non-isomorphic simple |A|-modules; see [Joz1] .
2.6. Split conjugacy classes. We now consider the conjugacy classes of W and W . All the elements of a given conjugacy class have the same parity, so we can describe each conjugacy class in W as either even or odd.
Let K be a conjugacy class of W . Then θ −1 (K) is either a single conjugacy class of W , or splits into two as θ −1 (K) = K ⊔ z K; in the latter case, we say that K, K, and z K are split classes. We say x ∈ W is split (which actually depends on W ) if it belongs to a split conjugacy class. If we denote θ −1 (z) = {x, zx}, x is split if and only ifx and zx are not conjugate in W .
Proposition 2.6. [Joz1, Proposition 4.14] The number of even split conjugacy classes of W is equal to the total number of simple CW − -modules. The number of odd split conjugacy classes is equal to the number of simple CW − -modules of type Q.
Spin coinvariant algebras and spin fake degrees
In this section we formulate the notion of spin coinvariant algebras and then the spin fake degrees. The Morita super-equivalence between the spin Weyl group algebras and the Hecke-Clifford algebras plays an essential role. Throughout this section the formulations and results are valid for arbitrary Weyl groups.
3.1. Spin coinvariant algebras. Let A be a superalgebra. We shall denote by A-mod the category of (finite-dimensional) modules of the superalgebra A (with morphisms of degree one allowed). There is a parity reversing functor Π : A-mod −→ A-mod, which sends M = M0 + M1 to ΠM with (ΠM )0 = M1 and (ΠM )1 = M0. The underlying even subcategory A-mod0, which consists of the same objects as A-mod but only even morphisms, is an abelian category. We define the Grothendieck group R(A) of the category A-mod to be the Z-module generated by all objects in A-mod subject to the following two relations:
Given two superalgebras A and B, we view the tensor product of superalgebras A ⊗ B as a superalgebra with multiplication defined by
where |b| denotes the Z 2 -degree of b, etc. Also, we shall use short-hand notation ab for (a ⊗ b) ∈ A ⊗ B, a = a ⊗ 1, and b = 1 ⊗ b. We recall the following isomorphism, which extends an earlier result of Sergeev [Se] and Yamaguchi [Ya] in type A (cf. e.g. [WW2] ).
Proposition 3.1. [KW1, Theorem 2.4] We have an isomorphism of superalgebras:
which extends the identity map on Cl V and sends
The inverse map Ψ is the extension of the identity map on Cl V which sends t i → √ −1β i s i , ∀i.
As before, we shall refer to H c W = Cl V ⋊ W as the Hecke-Clifford (super)algebra. As in Section 2.4, the Weyl group W acts on V as its reflection representation, and then on the symmetric algebra S * V . The coinvariant algebra is (
by definition, where (S * V ) W + denotes the ideal generated by the homogeneous Winvariants of positive degrees. A classical theorem of Chevalley states that (
is a graded regular representation of the Hecke-Clifford superalgebra H c W , where Cl V acts by left multiplication on the first tensor factor and W acts diagonally, and this justifies the terminology in Definition 3.2. More generally, given a W -module M , Cl V ⊗ M is naturally an H c W -module. 3.2. Morita super-equivalence. Recall that Cl n is a simple superalgebra, with a unique (up to isomorphism) irreducible module U . The module U is of type M for n even and of type Q for n odd. We have dim U = 2 k for n = 2k or n = 2k − 1.
Assume that a superalgebra isomorphism Cl n ⊗ A ∼ = B exists for two superalgebras A and B. Then the two exact functors
define a Morita super-equivalence in the following sense (cf. [Kle, Proposition 13.2 
.2]).
Proposition 3.3. Assume that two superalgebras A, B satisfy a superalgebra isomorphism Cl n ⊗ A ∼ = B. Let F, G be defined as in (3.2).
(1) Suppose that n is even. Then the two functors F and G are equivalences of categories such that
induces a bijection between the isoclasses of irreducible A-modules of type M and the isoclasses of irreducible B-modules of type Q. Also G induces a bijection between the isoclasses of irreducible B-modules of type M and the isoclasses of irreducible A-modules of type Q.
In particular, the Hecke-Clifford algebra H c W = Cl V ⋊ W and the spin Weyl group algebra CW − are Morita super-equivalent by Proposition 3.1.
3.3. The basic spin module. In [Mo2] , Morris studied the same double cover W as in (2.3), and showed that there exists a surjective superalgebra homomorphism
By pulling back the unique simple module U of the Clifford superalgebra Cl V via the homomorphism Ω, we obtain a distinguished CW − -module, called the basic spin module, which we shall denote by B W . This is a natural generalization of the classical construction for CS − n due to Schur [Sch] (see [Joz3] ). The character of the basic spin module U of Cl n (with standard generators c 1 , . . . , c n ) will be useful in later computations; we recall it here. Let c I = c i 1 . . . c ip be associated with an (ordered) subset I = {i 1 , . . . , i p } of {1, . . . , n}, and c ∅ = 1.
Proposition 3.4. [Joz2, Section 3C] The character value of U at c I is equal to
The following property of basic spin modules plays a fundamental role in the formulation of the notion of spin fake degrees. Though we only need the case of classical Weyl groups in this paper, we have included the exceptional type so that we do not need to repeat much of the setup in the sequel [BW] .
Theorem 3.5. Let W be an arbitrary (classical or exceptional) Weyl group, with V its irreducible reflection representation. Then
3) is surjective, the CW − -module B W , as the pullback of the simple Cl V -module U via Ω, must be simple and its type comes from the type of the simple Cl V -module U , whence (1) .
Part (3) follows immediately by (2) and Proposition 3.3. So it remains to prove (2). The proof is case-by-case, and there are 2 main approaches: one via character computation and the other by dimension counting.
The first approach is to verify by a character computation that as H c W -modules,
Indeed for type B n , this isomorphism is a special case of Lemma 5.3 below (where λ is a one-row partition (n)). The verification for types A and D can also be read off from the proof of Lemma 5.3, since CS − n and CD − n are naturally subalgebras of CB − n . Since Cl V is a simple superalgebra with simple module U , G(Cl V ) = Hom Cl V (U, Cl V ) has dimension equal to dim U (which is the same as dim B W ). Then Part (2) for a given Weyl group W is valid if the following holds for W : (3.5) and the minimal dimension is equal to dim U.
It turns out (3.5) holds for exceptional Weyl groups E 6 , E 7 , and E 8 , according to the degrees of all spin simple characters computed by Morris [Mo1] ; alternatively, it can be read off from Tables for E 6 , E 7 , and E 8 in [BW] . Actually it can also be easily observed that (3.5) holds for B n and D n from the construction and classification of the simple CW − -modules in later sections (see Propositions 4.3, 6.10, 7.3). This gives a second proof in types B n and D n . But we do not know how to check (3.5) directly for type A n , though the degrees of simple characters are well known since Schur (cf. [Joz2] ).
However, (3.5) is not true for G 2 and F 4 . In these two cases, we verify (3.4) by a direct character computation as follows. We shall freely use [Mo1] (see also [BW] ).
The three simple spin characters of CG − 2 are all of degree 2 and type M, and they have different values on the conjugacy class with admissible diagram G 2 (for which we can choose t 1 t 2 as a representative; cf. [Ca, Section 3, ex. (ii)]). Hence, to show (3.4) (with dim V = 2) it suffices to check that both sides of (3.4) take the same (nonzero) character value at s 1 s 2 . We refer to Table B for formulas of β 1 and β 2 . The action of 
On the other hand, the character of s 1 s 2 on Cl V is also 3 by the following computation:
Hence (3.4) holds for G 2 . Now consider the case of F 4 . Following Morris [Mo1] and Read [Re1] , there are two simple spin characters of CF − 4 of minimal degree 4 (both of type M); they have opposite character values on the conjugacy class with admissible diagram B 2 . Read [Re1, Table 1 ] provides the representative element t 2 t 3 for this conjugacy class, and we will use this element to compute character values.
We identify Cl V with Cl 4 , and refer to Table B for formulas of β i . Since Ω(t 2 t 3 ) = β 2 β 3 , we see that the trace of t 2 t 3 on B F 4 is equal to the trace of
(Note this is the opposite of the value given in [Mo1, Table VII ], as we have made a different choice of the split conjugacy class in question. It is, however, the same as the value given in [Re1, Table 1 ].) Thus the character of
On the other hand, we consider
A direct yet lengthy computation shows that the matrix of the operator Ψ(t 2 t 3 ) acting on Cl V with respect to the ordered basis
Thus the character of Cl V on Ψ(t 2 t 3 ) is −8 √ 2, agreeing with F(B F 4 ). Hence (3.4) holds for F 4 .
The proof of (2) and hence of the proposition is now completed.
Remark 3.6. Let W = S n . If we choose to work with the reflection representation C n which is not irreducible as in [Se, Ya, KW1] , Cl n is a simple (Cl n ⋊ S n )-module, now of type Q. Theorem 3.5 in such a setting was stated without proof in [WW1] .
3.4. A multiplicity identity. Let M be a W -module, E a CW − -module, and F an H c W -module. Then the tensor product E ⊗ M is a CW − -module under the action (3.6)
Additionally, the tensor product
The following tensor identity is a straightforward generalization of [WW1, Lemma 3.1], and it can be proved in the same way.
Lemma 3.7. Let M be a W -module. Then there is a CW − -module isomorphism
Using the Morita super-equivalence of Proposition 3.3 in the context of Proposition 3.1, we can relate the multiplicity problem for a CW − -module and that for a H c W -module as follows. We will abuse notation to sometimes use module and character names interchangeably, and denote a module and its associated character by the same notation.
Proposition 3.8. Suppose M is a W -module. Let χ be a simple H c W -character, and χ − the corresponding simple CW − -character under the Morita super-equivalence. Let
if n is odd and χ is of type M, m χ if n is odd and χ is of type Q.
Proof. By definition and Lemma 2.4, we have
Hence, by Proposition 3.3, Theorem 3.5, Lemma 3.7 and (3.8),
Comparing this with (3.9) gives the result desired.
3.5. Spin fake degrees. Let χ be a simple character of H c W , and let χ − be a simple character of CW − corresponding to χ under the Morita super-equivalence as in Proposition 3.3. Let t be an indeterminate; then we define
We can reformulate the above definitions in terms of the bilinear form (·, ·) and the formal sum
We will refer to H W (χ, t) informally as the graded multiplicity of χ in the H c W -module Cl V ⊗ S * V , and refer to H − W (χ − , t) as the graded multiplicity of χ − in the CW − -module B W ⊗ S * V . Definition 3.9. P W (χ, t) is called the spin fake degree of the simple H c W -character χ, and P − W (χ − , t) is called the spin fake degree of the simple CW − -character χ − .
Remark 3.10. The fake degrees of a Weyl group W are the graded multiplicities of simple W -modules in the coinvariant algebra of W (cf. Lusztig [Lu2] ).
The spin coinvariant algebra and spin fake degrees for the symmetric group S n were first formulated and computed by Wan and the second author [WW1] , and the terminology of spin fake degrees first appeared in [WW2] .
Let d 1 , . . . , d n be the degrees of the Weyl group W (cf. [Hu, Lu2] ); we recall their values in the classical cases in Table C . 
Type
A n B n D n Degrees 2, 3, . . . , n + 1 2, 4, . . . , 2n 2, 4, . . . , 2n − 2, n Recall (cf. [Hu] ) the algebra of W -invariants in S * V is a polynomial algebra whose Hilbert polynomial is given by
.
Lemma 3.11. Let χ be a simple H c W -character and χ − be a simple CW − -character.
Proof. Follows by definition (see (3.10), (3.11) and (3.12)) and the classical theorem of Chevalley (cf. [Hu] 
The main goal of this paper and its sequel is to compute the spin fake degrees P W (χ, t) and P − W (χ − , t) for every Weyl group W . Lemma 3.11 allows us to do the computations for the series H W (χ, t) and H − W (χ − , t) instead. Proposition 3.8 allows us to transfer back and forth any computation between H W (χ, t) and H − W (χ − , t). The computations of all these multiplicities, which are formulated for simple (graded) CW − -modules, can be readily translated into the multiplicities of simple (ungraded) |CW − |-modules (with some possible factors of 2 which can be determined case-by-case).
3.6. Palindromicity. Let us summarize a symmetry property shared by all spin fake degrees for all Weyl groups below. We thank Ching Hung Lam for a very helpful remark.
Theorem 3.12. For any Weyl group W , the spin fake degrees for CW − are palindromic. More precisely, for every irreducible character χ − of CW − , we have
where N is the number of reflections in the Weyl group W .
The values of N here for each Weyl group are recalled in Table D below. 
n(n + 1)/2 n 2 n(n − 1) 36 63 120 24 6
Proof. The proof requires a case-by-case check; see Propositions 4.10, 6.14, and 7.6, for the classical types other than type A; they rely on the explicit formulas of spin fake degrees in these cases, which we will compute in the subsequent sections. For the exceptional types, the theorem follows from the computation in [BW] . Now let W = S n in type A n−1 . The simple CS − n -modules are parameterized by strict partitions λ of n, and the corresponding spin fake degrees P − Sn (λ, t) were computed in [WW1, Theorem A] (cf. [WW2] ). The formula for P − Sn (λ, t) is in terms of n(λ) given in (2.1), contents c , and shifted hook lengths h * , and we refer to loc. cit. for detailed definitions. It is actually clear that P − Sn (λ, t) = t a P − Sn (λ, t −1 ) for some shift integer a, since one observes that P − Sn (λ, t) is a product of factors of the form (1 ± t * ) ±1 . So it remains to determine the shift number a, which is the sum of the highest and the lowest powers of t appearing in P − Sn (λ, t). Thus
which is the number of reflections in S n .
Remark 3.13. A similar palindromicity property holds for the usual fake degrees, see Beynon-Lusztig [BL, Proposition A] , which can be regarded as a variant of Poincaré duality. However, the shift numbers for the usual fake degrees depend on the irreducible characters (as well as on the Weyl groups).
4. The spin fake degrees of type B n 4.1. Structure of the algebra CB − n . We shall simply write the Weyl group of type B n as B n , its double cover as B n , and the spin Weyl group algebra as CB − n . Recall the generators β i for Cl V from Table B , where V is the reflection representation of a Weyl group W (in this case B n ), and note that we can identify Cl V and Cl n . The following is a new formulation of Theorem 1] in the case of S n , which now describes the structure of the superalgebra CB − n . Theorem 4.1. There is an isomorphism of superalgebras
The inverse map sends s i → β i t i and c i → (−1) n−i t i t i+1 · · · t n−1 t n t n−1 · · · t i+1 t i for all possible i. (Note each s i is even here.)
Proof. Following [KW3, Theorem 1] we denote by Cl n ⋊ − CS − n the superalgebra generated by Cl n and CS − n with the additional relation that t i c j = −c s i j t i for all i, j. Our simple yet new observation here is that there is an isomorphism of superalgebras
by sending t i → t i for i = 1, . . . , n − 1, and t n → c n . As the relations involving only t i , i = 1, . . . , n − 1, are the same in both CB − n and Cl n ⋊ − CS − n , we need only check that the relations involving t n are preserved.
So we first confirm that t i c n = −c n t i for i = n − 1, n in Cl n ⋊ − CS − n , which follows by the additional relation t i c j = −c s i j t i . Then we check that t n−1 c n t n−1 c n = −c n t n−1 c n t n−1 in Cl n ⋊ − CS − n . Indeed, t n−1 c n t n−1 c n = c n−1 t n−1 c n−1 t n−1 = −c n−1 c n t n−1 t n−1 = c n c n−1 t n−1 t n−1 = −c n t n−1 c n t n−1 .
Note that this homomorphism is surjective. Then injectivity follows by dimension counting.
On the other hand, we have an explicit isomorphism Cl n ⋊ − CS − n ∼ = Cl n ⊗ CS n , which extends the identity map on Cl n and sends t i → β i s i for i ≤ n − 1, by [KW3, Theorem 1] specialized for W = S n . Now the theorem follows from this isomorphism and the identification (4.1).
4.2. Split classes for B n . With the identification Z 2 = {+, −}, an element x in B n = Z n 2 ⋊ S n is a product of positive and negative cycles of various lengths. Collecting the lengths of positive (respectively, negative) cycles together gives us a partition ρ + (respectively, ρ − ), and we say x is of type (ρ + , ρ − ). It is well known [Mac, I, Appendix B] that the conjugacy classes of the group B n are parameterized by the types of total size n. For example, the identity element of B n has type ((1 n ), ∅). (1) The split conjugacy classes of B n are the classes of the following types: (a) (ρ + , ρ − ) ∈ (OP, EP); (b) (ρ + , ρ − ) ∈ (∅, P) (only when n is odd). (2) The split classes of type (ρ + , ρ − ) ∈ (OP, EP) are even while those of type (ρ + , ρ − ) ∈ (∅, P) are odd.
Proof. (1) is exactly [Re2, Theorem 4.1] , where Read uses the terminology α-regular to refer to split classes. Since all generators t i are odd, the parity of an element t i 1 . . . t i k , and thus of its conjugacy class, is equal to the parity of k. Now (2) follows by counting the number of generators in a representative element of each conjugacy class as given in [Re2] .
4.3.
Simple CB − n -modules. It follows from Proposition 2.6 and Lemma 4.2 that all simple modules of B n for n even (respectively, n odd) are of type M (respectively, type Q). Denote by S λ the Specht module associated to a partition λ. Recall the unique simple Cl V -module U . The pullback of the simple (Cl V ⊗ CS n )-module U ⊗ S λ via the isomorphism φ B is a simple CB − n -module, which is denoted by B λ . Proposition 4.3. {B λ |λ ⊢ n} is a complete set of pairwise inequivalent simple CB − nmodules, all of type M when n is even, and all of type Q when n is odd.
Proof. This follows directly from the isomorphism in Theorem 4.1; note that the CS n is purely even and that the CB − n -module U is of type M if and only if n is even.
Remark 4.4. The ungraded simple modules for CB − n have been classified and constructed in completely different approaches by Read [Re2, Theorem 5.1] (also cf. Stembridge [Stm, Theorem 9 .2]). In light of Remark 2.5, Proposition 4.3 allows us to recover easily Read's classification of irreducible ungraded modules.
Next we shall determine the character of B λ . We choose the canonical positive cycle in CB − n which permutes a through a + k to be t a t a+1 · · · t a+k−1 , and the canonical negative cycle in CB − n which permutes those same elements to be t a t a+1 · · · t a+k−1 b a+k , where
(In particular, b i → (−1) n−i c i under the isomorphism in Theorem 4.1.) The support of a (signed) permutation σ ∈ B n is supp(σ) = {i|1 ≤ i ≤ n, σ(i) = i}. The representative element for the conjugacy class of type (α, β) is the product of the corresponding canonical cycles, chosen so that the supports of negative cycles are bigger than those of positive cycles. Let χ λ µ be the character value of the Specht module S λ evaluated on elements of S n of type µ. By Lemma 4.2, the even split conjugacy classes of B n are parametrized by the types (α, β) ∈ (OP, EP), which are in bijection with the partitions of n by taking α ∪ β; we will use such an identification below whenever it is convenient. Proposition 4.5. The character value of the simple CB − n -module B λ at an even split element of type (α, β) ∈ (OP, EP) is
Proof. The proof is mainly based on Theorem 4.1 and Proposition 4.3. Let x ∈ CB − n be a representative element of type (α, β) ∈ (OP, EP). When we compute the character value of B λ at x, i.e., the character value of U ⊗ S λ at φ B (x) ∈ Cl V ⊗ CS n (for the isomorphism φ B see Theorem 4.1), we may ignore all nontrivial products of c i by Proposition 3.4.
We write x as a product of cycles. For a positive (k + 1)-cycle with k even, the image of the canonical cycle is
For a negative (k + 1)-cycle with k odd, we note that, since the positive cycles have supports in terms of smaller numbers than the negative cycles, we must have n − a ≡ 1 mod 2. So the image of the canonical cycle is Multiplying these together, we have
σ + (terms with c i ).
Thus by Proposition 3.4, the character value of B λ at x, i.e., the character value of
which is the same as given in the proposition.
Remark 4.6. Read [Re2] chooses representative elements which differ from ours in the use of (−1) n−i b i in place of b i , but this difference in sign does not affect the computation of characters. The character formula in Proposition 4.5 agrees with that computed by Read [Re2, Theorems 3.5, 5.1], and our labeling of the simple (graded or ungraded) characters is consistent with Read (cf. Remark 4.4). Stembridge [Stm] used a form of the basic spin module B Bn resulting from −β i rather than β i , and so his CB − n -modules differ from ours by a tensor with sgn.
The characteristic map for CB −
n . Let R(CB − n ) be the Grothendieck group of the category of CB − n -modules. If we replace isomorphism classes of modules by their characters, it becomes a free abelian group with a basis made up of the irreducible characters. Now define
We shall define a ring structure on R − as follows. Let CB − m,n be the subalgebra of CB − m+n generated by CB − m × CB − n . For a CB − m -module M and a CB − n -module N , M ⊗ N is naturally a CB − m,n -module, and we define the product
and then extend by Z-bilinearity. It follows from the properties of the induced characters that the multiplication on R − is commutative and associative. Given CB − n -modules M, N , we define a bilinear form on R − by letting
Denote by Λ the ring of symmetric functions in infinitely many variables, which is the Z-span of the monomial symmetric functions m λ for λ ∈ P, and let Λ Q = Q ⊗ Z Λ. There is a standard bilinear form (·, ·) on Λ such that the Schur functions s λ form an orthonormal basis for Λ. The ring Λ Q admits several other distinguished bases: the complete homogeneous symmetric functions {h λ }, the elementary symmetric functions {e λ }, and the power-sum symmetric functions {p λ }. See [Mac] . Now define the (spin) characteristic map ch
where φ ∈ R(CB − n ), φ(λ) is the character value of φ at an element of type (α, β) with α ∪ β = λ and α ∈ OP and β ∈ EP, and z λ is the order of the centralizer in S n of an element of cycle type λ.
Recall that, for µ ⊢ n, the Schur function
where χ µ λ is the character value of the Specht module S µ on an element (of S n ) of cycle type λ.
Theorem 4.7. The characteristic map ch
is an isometric isomorphism of graded algebras, sending the character of B λ to s λ when |λ| is even and to √ 2s λ when |λ| is odd.
Proof. Recall that the characters of the irreducible modules B λ for λ ∈ P, defined in Proposition 4.3, form a basis for R − . This becomes an orthonormal basis if we divide the characters of of type Q modules B λ by √ 2, thanks to the super version of Schur's Lemma, Lemma 2.4; this happens exactly when n is odd by Proposition 4.3.
By plugging the character values of B λ computed in Proposition 4.3 into (4.4), the characteristic map ch − sends the elements of this orthonormal basis to the corresponding Schur functions, so it is an isometry.
It remains to check that ch − is an algebra homomorphism. Let φ ∈ R(CB − m ) and χ ∈ R(CB − n ), and consider the image of their product under the characteristic map. When splitting λ = (α, β) ∈ (OP, EP) m+n into partitions µ ⊢ m, ν ⊢ n, we will write α µ , α ν for the corresponding pieces of α.
In the equation (⋆) above, we have used a formula for the character value (φχ)(λ), which can be established in a completely analogous way as for Lemma 5.5 below. This proves the theorem.
4.5. Spin fake degrees of B n . Introduce a parity function
Theorem 4.8. The graded multiplicity of B λ in the CB − n -module B ⊗ S * V is
Proof. We will compute the graded multiplicities for the simple H c Bn -modules K λ in Cl n ⊗ S * V in Theorem 5.7. The theorem follows from Lemma 5.3, Theorem 5.7 and Proposition 3.8.
The following is equivalent to Theorem 4.8 by Lemma 3.11 and use of the well-known fact that the degrees of B n are 2, 4, . . . , 2n.
Theorem 4.9. The spin fake degree of B λ , for λ ⊢ n, is
We have the following palindromicity of the spin fake degrees for B n .
Proposition 4.10. For λ ⊢ n, we have P
Bn (λ, t −1 ) for some integer a, since each of its factors is of the form (1 ± t * ) ±1 . It remains to determine the shift number a, which is the sum of the highest power of t appearing in P − Bn (λ, t) with nonzero coefficient, and the lowest. Thus
The proposition is proved.
The spin fake degrees of the Hecke-Clifford algebra H c

Bn
In this section we will work with the Hecke-Clifford algebra in order to complete the computation of spin fake degrees of type B n (see the proof of Theorem 4.8).
5.1. Split classes for Γ n . We first realize the Hecke-Clifford algebra H c Bn as a spin group algebra for a finite group Γ n . Define the semidirect product Γ n : = Z n 2 ⋊ B n , which as a group is isomorphic to a wreath product (Z 2 × Z 2 ) n ⋊ S n . So it is well known (see [Mac, I, Appendix B] ) that its conjugacy classes C ρ are parametrized by quadruples of partitions ρ = (ρ ++ , ρ +− , ρ −+ , ρ −− ) of total size n, where the second signs in the subscripts are understood to correspond to the second factor in Z 2 × Z 2 (which has its origin from B n ). Denote by
Consider a finite group Π n = a 1 , . . . , a n , z|a
and write the generators of B n = Z n 2 ⋊ S n as τ 1 , . . . , τ n , s 1 , . . . , s n−1 , where τ i is a generator of the ith copy of Z 2 . Then the semidirect product Γ n = Π n ⋊ B n is a group such that z is central, a j s i = s i a s i (j) , and
The group Γ n is a double cover of Γ n :
Introduce the spin group algebra CΓ − n := C Γ n / z + 1 . The quotient algebra CΠ n / z + 1 is identified with Cl n byā i → c i , which leads to a natural identification of the superalgebras
Bn , where the superalgebra structure on CΓ − n is given by letting eachā i be odd and each s i and τ i be even. We feel free to use the identification (5.1) below: while H c Bn appears to be super-equivalent to CB − n , CΓ − n allows one to appeal to finite group techniques. For an (ordered) subset I = {i 1 , . . . , i r }, we denote a I = a i 1 . . . a ir , and similarly for τ I . An arbitrary element z * a I τ J σ ∈ Γ n may be written as a product
where * ∈ {0, 1}, σ = σ 1 · · · σ k ∈ S n is a product of disjoint cycles, and
In particular, we can make sense of split classes in Γ n and Γ n as before. Proposition 5.1. Let C ρ be a conjugacy class of Γ n . Then C ρ is even split if and only if ρ ∈ (OP, EP, ∅, ∅).
Proof. (⇒) Let C ρ be an even conjugacy class of Γ n .
Case 1: Suppose ρ ++ / ∈ OP. Then ρ ++ has at least one even part, so θ −1 (C ρ ) contains a product of disjoint cycles of the form a I τ J σ = (1, . . . , r)(a I 2 τ J 2 σ 2 ) · · · (a I l τ J l σ l ), where r is even; note |I| is also even, since C ρ is even. We compute the following conjugation of a I τ J σ: a −1 1...r (a I τ J σ)a 1...r = a r. ..1 (1, . . . , r) 
Thus C ρ does not split if ρ ++ / ∈ OP.
Case 2: Suppose ρ +− / ∈ EP. Then ρ +− has an odd part, so θ −1 (C ρ ) contains an element of the form a I τ J σ = (τ 1 (1, . . . , r) )(a I 2 τ J 2 σ 2 ) · · · (a I l τ J l σ l ), where r is odd; note |I| = i |I i | is even, since C ρ is even. We compute the following conjugation:
where we used a r...1 τ 1 (1, . . . , r)a 1...r = zτ 1 a r...1 a 2...r a 1 (1, . . . , r) = zτ 1 (1, . . . , r).
Case 3: Suppose
Note |I| is even, since C ρ is even. We compute the following conjugation:
Thus C ρ does not split if ρ −+ = ∅.
, where j ∈ {1, . . . , r}. Note |I| is even, since C ρ is even. We compute the following conjugation:
Thus C ρ does not split if ρ −− = ∅. Hence, we have shown that if C ρ is even split then ρ ∈ (OP, EP, ∅, ∅).
(⇐) Suppose ρ ∈ (OP, EP, ∅, ∅). Then the conjugacy class C ρ is clearly even. Suppose C ρ does not split, i.e. any x ∈ C ρ is conjugate to zx. Take an element in
Since C ρ does not split, there exists a J t ∈ Π n ⋊ B n such that a J tτ K σ = zτ K σa J t. Then we must have za J = a τ K σ(J) , supp(τ K σ) ⊆ J, and tτ K σ = τ K σt. On the other hand, we compute
which is a contradiction to za J = a τ K σ(J) . So C ρ must split.
For ρ ∈ (OP, EP, ∅, ∅), the split class θ −1 (C ρ ) is a disjoint union of two conjugacy classes; if we denote the class containing an element of B n by C + ρ , then the other is zC + ρ , and
Simple modules of H c
Bn . Propositions 3.3 and 4.3 imply that the simple H c Bnmodules are parametrized by λ ⊢ n, and that they are all of type M. We shall construct them explicitly, and then match them with the CB − n -modules B λ via the superequivalence in Proposition 3.3.
We adopt the convention that c −i = −c i for 1 ≤ i ≤ n. The algebra H c Bn acts on the Clifford algebra Cl n by the formulas
for σ ∈ B n and all i. This H c Bn -module Cl n is called the basic spin module. Lemma 5.2. The character value of the basic spin H c Bn -module at an even split conjugacy class C + ρ is equal to 2 ℓ(ρ) for ρ ∈ (OP, EP, ∅, ∅), and 0 elsewhere. Proof. Let σ = σ 1 . . . σ ℓ ∈ B n be a product of disjoint signed cycles of type ρ. The elements c I := i∈I c i (which are defined up to a nonessential sign) for I ⊂ {1, . . . , n} form a basis of the basic spin module Cl n . Observe that σc I = c I if I is a union of a subset of the supports supp(σ p ) for 1 ≤ p ≤ ℓ(α); otherwise σc I is equal to ±c J for some J = I. Hence the lemma follows.
Let λ ⊢ n. Via pullback of the canonical projection B n = Z n 2 ⋊ S n → S n , the Specht module S λ is endowed with a B n -module structure. Then
λ is naturally a module over H c Bn = Cl n ⋊ B n (and hence also a module of the group Γ n ), where Cl n acts by left multiplication on the first tensor factor and B n acts diagonally.
Denote by ϕ λ the character of the module K λ (of the group Γ n ). Note that the character value ϕ λ (x) is zero unless x is even split. There is a canonical bijection between the types ρ = (α, β, ∅, ∅) in (OP, EP, ∅, ∅) such that |α|+|β| = n and partitions of n (by taking α ∪ β), and we shall denote the resulting partition ρ again by abuse of notation. Note also that x ∈ C + ρ implies that x −1 ∈ C + ρ . By Lemma 5.2 and the definition (5.2), we conclude that
where we recall χ λ ρ denotes the character value of S λ at an element in S n of cycle type ρ.
Thanks to the isomorphism Φ : CΓ − n = H c Bn = Cl V ⋊ B n → Cl V ⊗ CB − n from Proposition 3.1 for W = B n , the Morita super-equivalence in Proposition 3.3 applies. Further computation is necessary to determine which simple CB − n -module corresponds under the super-equivalence to the simple H c Bn -module K λ .
Lemma 5.3. The H c Bn -module K λ corresponds to the CB − n -module B λ under the bijection induced by G in Proposition 3.3.
Proof. We shall compute the characters of the modules U ⊗ B λ of H c Bn (and hence of Γ n ) on an arbitrary even split class. A canonical representative for an even split class of Γ n of type (ρ ++ , ρ +− , ∅, ∅) ∈ (OP, EP, ∅, ∅) can always be chosen inside the subgroup B n as follows. We choose the canonical positive (++)-cycle inside B n which permutes a through a + k to be s a · · · s a+k−1 , and the canonical negative (+−)-cycle inside B n which permutes those same elements to be s a · · · s a+k−1 τ a+k . A representative element for the conjugacy class of type (α, β, ∅, ∅) is chosen to be a product of such disjoint canonical cycles of the appropriate lengths, so that the supports of negative cycles are bigger than those of positive cycles.
Let b J σ be such a canonical representative element of the conjugacy class of type (ρ ++ , ρ +− , ∅, ∅), and consider the images of its component cycles under Φ. Since there will be no cancellation between cycles, by Proposition 3.4 we may ignore terms containing nontrivial products of c i .
Consider an odd positive (k + 1)-cycle s a · · · s a+k−1 in b J σ, for k even. Similar to the proof of Proposition 4.5, we compute
Now consider an even negative (k + 1)-cycle s a · · · s a+k−1 τ a+k in b J σ, for k odd. Recall τ i is the generator of the ith copy of Z 2 inside B n , and b i is defined in (4.2) for 1 ≤ i ≤ n. By [KW2, Lemma 5.4], we have (5.5) Φ(τ i ) = (−1)
As the positive cycles have supports in terms of smaller numbers than the negative cycles, we must have n − a ≡ 1 mod 2. Using this parity condition, Table B for type B n , (5.4) and (5.5), we compute Φ(s a · · ·s a+k−1 τ a+k ) = (−1)
Here the last identity follows since
2 mod 2 whenever k is odd. Multiplying the images of canonical cycles together, we obtain
σ + (terms involving c i ).
So the character value of
which is equal to the character value of K λ on Φ(b J σ) when n is even, and twice that (since B λ is of type Q) when n is odd; see (5.3). Bn -modules, all of type M. As we already know by Proposition 5.1 that the total number of simple modules is the number of partitions of n, the proof is completed.
The characteristic map for H c
Bn . Let R − (Γ n ) be the Grothendieck group of the category of CΓ − n -modules, which can also be identified with the free abelian group with a basis made up of the irreducible CΓ − n -characters. Definȇ
where
We shall define a ring structure onȒ as follows. For a CΓ − m -module M and a CΓ − nmodule N , we define the product
and then extend by Z-bilinearity. It follows from the properties of the induced characters that the multiplication onȒ is commutative and associative. Given CΓ − n -modules M, N , we define a bilinear form onȒ by letting
Now define the characteristic map ch :Ȓ → Λ as the linear map
Lemma 5.5. Let φ ∈ R − (Γ m ), ψ ∈ R − (Γ n ), and γ ∈ (OP, EP, ∅, ∅). Then
where the sum is taken over α, β ∈ (OP, EP, ∅, ∅) such that γ = α ∪ β.
Proof. Let g ∈ Γ m+n be an element of type γ. By [Mac, I, Appendix B, (3.1) ], the order of the centralizer in Γ n of an element of type ρ = (α, β, ∅, ∅) ∈ (OP, EP, ∅, ∅) is z α z β 4 ℓ(α∪β) . Now we compute
The lemma is proved.
Theorem 5.6. The characteristic map ch :Ȓ → Λ is an isometric isomorphism of graded algebras, which sends [K λ ] to s λ for all λ.
Proof. Recall that the character ϕ λ of the irreducible module K λ is 2 ℓ(α∪β) χ λ α∪β on elements of type (α, β, ∅, ∅) ∈ (OP, EP, ∅, ∅), and 0 otherwise. Thus
This map sends an orthonormal basis forȒ to an orthonormal basis of Λ, so it is an isometry. Now we compute the image of a product under the characteristic map. Let φ, ψ be as in the previous lemma. Then
so ch is also an algebra isomorphism.
5.4. Spin fake degrees for H c Bn . Let x, y, and z be three (possibly infinite) sets of independent indeterminates. The super Schur functions and the super Cauchy identity are standard, and we refer to [WW2, Section 5.3 ] for more details. For a partition λ, the super Schur function hs λ is defined to be
We have the following super Cauchy identity:
Let a, b be indeterminates. The formula ( * ) in [Mac, I.3.3] was interpreted in [WW2, (5.13) ] as a specialization of hs λ (x; y), by letting x = aq • = (a, aq, aq 2 , . . .) and y = bq • :
The following theorem was used in the proof of Theorem 4.8 earlier.
Theorem 5.7. The graded multiplicity of the irreducible H c Bn -module
Proof. The second identity follows by (5.8) with a = 1, b = t and q = t 2 . So it remains to prove the first identity. Let us compute the image of Cl V ⊗ S t V under the characteristic map. The character of the basic spin CΓ − n -module Cl V on any representative in the conjugacy class of type (α, β, ∅, ∅) ∈ (OP, EP, ∅, ∅) is 2 ℓ(α∪β) ; we shall choose the representative to be the canonical element b J σ ∈ B n (with σ ∈ S n ) of type (α, β) ∈ (OP, EP) as in the proof of Lemma 5.3. Now we compute the character value of b J σ on the B n -module S * V . We shall denote by ℓ 1 = ℓ(α), ℓ 2 = ℓ(β), ℓ = ℓ(α) + ℓ(β). We write
Thus σ will permute the monomial basis of S * V , fixing only those monomials
for nonnegative integers a 1 , . . . , a ℓ . Note that
This implies that the character value of
where we have switched notation in the last equation using ρ = α ∪ β = (ρ 1 , ρ 2 , . . . , ρ ℓ ). Then the character value of
Given a power series f (u) in a variable u, we denote by [u n ]f (u) the coefficient of u n in the series expansion of f (u). Applying the characteristic map to Cl n ⊗ S t V with the help of (5.9), we compute
The last equation used the super Cauchy identity (5.7). On the other hand, since each K λ is simple of type M by Proposition 5.4, we have
The first identity in the theorem now follows from comparing the above two expressions for ch(Cl n ⊗ S t V ), and the linear independence of s λ 's.
The following is equivalent to Theorem 5.7 by Lemma 3.11 and using the fact that the degrees of B n are 2, 4, . . . , 2n.
Theorem 5.8. The spin fake degree of the irreducible H c Bn -module K λ is
6. The spin fake degrees of type D n (for n odd)
Let n be odd throughout this section.
6.1. Structure of the algebra CD − n for n odd. Recall from Table A the definition of CD − n via generators t 1 , . . . , t n and defining relations. Denote by Cl 0 n ⊂ Cl n the even subalgebra of the Clifford superalgebra Cl n . The algebra Cl 0 n is abstractly a Clifford algebra in n − 1 generators c i c n for 1 ≤ i ≤ n − 1. Define
Note that ζ ∈ Cl 0 n . Lemma 6.1. For n odd, the element ζ commutes with every c i . Moreover, ζ 2 = 1.
Proof. Follows by a direct computation.
The tensor algebra Cl 0 n ⊗ CS n carries a superalgebra structure by letting each c i c n be even and each s i odd, for 1 ≤ i ≤ n − 1. In particular, Cl 0 n is a purely even algebra, and it follows by (3.1) that c i c n commutes with s j for all possible i, j.
Theorem 6.2. For n odd, there exists an isomorphism of superalgebras
(We emphasize here that each s i is odd.)
Proof. First note that φ D (t i ) for each i is indeed in Cl 0 n ⊗ CS n , since n is odd. Recall from Theorem 4.1 the superalgebra isomorphism φ B : CB − n ∼ = → Cl n ⊗ CS n . The images of t i for 1 ≤ i ≤ n − 1 under φ D and φ B differ exactly by a factor ζ. All the relations for CD − n which do not involve t n in Table B are identical for types B and D and they all involve even numbers of these t i 's, hence they are preserved by φ D because ζ 2 = 1 and φ B is a homomorphism. In addition, it is straightforward to check by definition and Lemma 6.1 the remaining relations:
For example, we compute
Hence, φ D is an algebra homomorphism. Also, φ D preserves the superalgebra structures since φ D (t i ) and t i for each i are odd.
To show that φ D : CD − n → Cl 0 n ⊗ CS n is an isomorphism, it remains to verify the surjectivity as both algebras have the same dimension. Equivalently, it suffices to check that the generators c i c n and s i , for 1 ≤ i ≤ n − 1, of Cl 0 n ⊗ CS n lie in the image of φ D .
To that end, a direct computation shows that
Inductively we conclude by (6.1) that all c i c n , and hence Cl 0 n , lie in the image of φ D . Now we can choose
There is a natural inclusion [KW3, 4.1] (6.2)
, if we use superscripts to indicate the types of Weyl groups. By Lemma 6.1, the superalgebra ζ generated by ζ is isomorphic to Cl 1 . Recall |A| denotes the underlying algebra for a superalgebra A. Proposition 6.3. We have an isomorphism of algebras:
Note that we cannot claim to have a superalgebra isomorphism CD − n × ζ ∼ = −→ CB − n , since the odd element ζ commutes but does not super-commute with CD − n . Proof. If we identify CB − n ≡ Cl n ⋊ − CS − n as in Theorem 4.1, we can naturally identify the subalgebra ι(CD n ) ≡ Cl 0 n ⋊ − CS − n . Putting Theorem 4.1, Lemma 6.1 and Theorem 6.2 together, we have the following commutative diagrams, where the homomorphism j extends the natural inclusion Cl 0 n ֒→ Cl n and sends s i → ζs i for each i:
It follows that ζ ∈ ι(CD − n ) and that ζ commutes with ι(CD − n ) . The proposition is proved.
Recall S λ denotes the Specht module of S n . Denote by U 0 the unique simple Cl 0 nmodule. Theorem 6.2 implies immediately the following classification of simple |CD − n |-modules, which was obtained by Read [Re2, Theorem 7 .2] using a completely different construction of these simple modules.
Corollary 6.4. Let n be odd. A complete list of pairwise inequivalent simple |CD − n |-modules is {U 0 ⊗ S λ | λ ⊢ n}.
6.2. Split classes for n odd.
Lemma 6.5. Let n be odd.
(1) The split conjugacy classes of D n are the classes of the following types:
(2) The split classes of type (ρ + , ρ − ) ∈ (OP, EP) are even while those of type (ρ + , ρ − ) ∈ (∅, P) are odd.
Proof. (1) is [Re2, Lemmas 6.4, 7.1] . (2) follows by counting the number of generators in a representative element of each conjugacy class as given in [Re2] , and noting that each generator t i of CD − n is odd. Remark 6.6. Note that ℓ(ρ + ) must be odd in the case of Lemma 6.5(1a). Hence the types of the split classes of D n are in natural bijection with the partitions of n by sending (ρ + , ρ − ) → ρ + ∪ ρ − , so that the classes in (1a) (respectively, (1b)) correspond to partitions of n of odd lengths (respectively, even lengths).
6.3. Counting the simples.
Lemma 6.7. Let n be odd.
(1) The number of simple CD − n -modules of type M is equal to all of (a) |{λ ⊢ n :
(2) The number of simple CD − n -modules of type Q is equal to all of
Proof. Denote by m (and respectively, q) the number of simple CD − n -modules of type M (and respectively, type Q). Then the number of simple |CD − n |-modules is m + 2q, which is equal to |P n | by counting the split classes in Lemma 6.5 and applying Wedderburn's Theorem 2.3 and Remark 2.5. From this we easily see that (1) is consistent with (2), and so it suffices to prove (1).
According to Proposition 2.6 and Lemma 6.5, m is given by (1a). It is a classical fact that (1a) = (1b) = (1c) (which is valid actually for any n). The equality (1b) = (1c) can be shown by an easy bijection, while the equality (1a) = (1b) can be established via a generating function identity: i≥1 1 + (−x) i −1 = i≥1 (1 + x 2i−1 ). 6.4. Classification of simple CS n -(super)modules. Recall that χ λ µ is the character of the Specht module S λ on the conjugacy class of S n of cycle type µ.
Lemma 6.8. Let n be odd. Then χ λ µ = 0 for all µ ⊢ n of even length if and only if λ = λ ′ .
Proof. Note that
which we shall use repeatedly below. (⇐) Assume λ = λ ′ . If ℓ(µ) is even, then χ λ µ = χ λ ′ µ = χ λ µ · sgn µ = −χ λ µ , so χ λ µ = 0. (⇒) Let ν, µ ⊢ n with ℓ(µ) even, and ℓ(ν) odd. Then χ λ ′ µ = −χ λ µ = 0 = χ λ µ . Also, χ λ ′ ν = χ λ ν · sgn ν = (−1) n−ℓ(ν) χ λ ν = χ λ ν . Hence χ λ = χ λ ′ and so λ = λ ′ . Proposition 6.9. Let CS n be endowed with the superalgebra structure with each s i odd. Then a complete list of pairwise inequivalent simple CS n -modules consists of:
(1) S λ of type M, for λ ⊢ n with λ = λ ′ .
(2) S {λ,λ ′ } := S λ ⊕ S λ ′ of type Q, for pairs {λ, λ ′ } with λ ⊢ n and λ = λ ′ .
Proof. Given a finite-dimension semisimple C-superalgebra A, one defines an involution α on A by letting α(a) = (−1) |a| a for homogeneous a ∈ A. Given any |A|-module N , one obtains another |A|-module N ′ with the same underlying vector space as N but with an action twisted by α. It is shown in [Joz1, Proposition 2.17 ] that (i) If N is a simple |A|-module but not an A-module, then N ∼ = N ′ and N ⊕ N ′ can be endowed with a simple A-module structure of type Q. (ii) If a simple |A|-module N can be lifted to a simple A-module (which must be of type M), then N ∼ = N ′ . In our setting with A = CS n , the simple CS n -modules are S λ , the involution is given by α(σ) = (−1) l(σ) σ for σ ∈ S n , and the twisted module N ′ is isomorphic to N ⊗ sgn. Now (1) follows from (ii) above and the fact that S λ ⊗ sgn ∼ = S λ ′ . By Lemma 6.7, we have obtained all simple CS n -modules of type M. Then S λ for λ = λ ′ must pair with S λ ′ to give rise to simple CS n -modules of type Q, by applying (i) above. That S λ for λ = λ ′ is not a CS n -module also follows from Lemma 6.8, which says S λ has non-vanishing character value on odd conjugacy classes. 6.5. Simple CD − n -modules for n odd. Recall U 0 denotes the unique simple Cl 0 nmodule. We introduce the following notation for n odd:
By definition D {λ,λ ′ } only depends on the unordered pair {λ, λ ′ }. Via the isomorphism φ D from Theorem 6.2, D {λ,λ ′ } is a CD − n -module. Proposition 6.10. Let n be odd. Then {D {λ,λ ′ } |λ ⊢ n} forms a complete set of pairwise inequivalent simple CD − n -modules. Moreover, D {λ,λ ′ } is of type M if λ = λ ′ , and of type Q otherwise.
Proof. Follows from Theorem 6.2 and Proposition 6.9, by noting that Cl 0 n is purely even and the unique simple Cl 0 n -module U 0 is of type M. Recall the irreducible CB − n -modules B λ for λ ⊢ n from Proposition 4.3, which are all of type Q since n is odd. Recall from (6.2) the inclusion CD − n ֒→ CB − n . Proposition 6.11. Let n be odd. Then
(1) As a |CD − n |-module, B λ is a sum of two simple modules, i.e., B λ ∼ = U 0 ⊗ S λ ⊕ U 0 ⊗ S λ ′ , for λ ⊢ n. Proof. By construction, B λ ∼ = U ⊗ S λ via the isomorphism φ B , where U is the simple Cl n -module of type Q. U decomposes into a sum of two copies of the Cl 0 n -module U 0 , on which ζ acts by ±1 respectively. By the (second) commutative diagram in (6.3), the action of s i ∈ CS n ⊆ φ D (CD − n ) on U ⊗ S λ is twisted by the action of ζ, giving rise to U 0 ⊗ S λ ⊕ U 0 ⊗ S λ ′ , whence (1) .
Assume λ = λ ′ . Then B λ | CD − n must be isomorphic to the simple CD − n -module D {λ,λ ′ } by applying (1) and Proposition 6.10, whence (2).
Part (3) follows by applying (1) and Proposition 6.10 again.
6.6. Spin fake degrees of D n for n odd. Recall B Dn is the basic spin CD − n -module. We would like to compute
Proposition 6.11 allows us to reduce the computations to the type B n case.
Theorem 6.12. Let n be odd. Then
Theorem 6.13. Let n be odd and λ ⊢ n. Then the spin fake degree P
Proposition 6.14. The following palindromicity holds for spin fake degrees of D n , for all λ ⊢ n: P − Dn (λλ ′ , t) = t n(n−1) P − Dn (λλ ′ , t −1 ).
Proof. Using Lemma 3.11 and (6.6) while keeping in mind the degrees for B n and D n , we relate P − Dn to P − Bn as follows:
7.4. Hecke-Clifford algebra H c Dn for n even. Recall from Proposition 5.4 that the simple H c Bn -modules K λ are parametrized by λ ⊢ n and are all of type M. Proposition 7.7. Let n be even.
( (1) and (2) (modulo the identifications in (1)) form a complete list of inequivalent simple H c Dn -modules. Proof. By Proposition 3.1, there is a Morita super-equivalence between CD − n and H c Dn , and hence Proposition 3.3 applies. By Lemma 5.3, K λ corresponds to B λ under the super-equivalence. Now the proposition follows.
The list of simple H c
Dn -modules in Proposition 7.7 corresponds bijectively via the Morita super-equivalence to the list of simple CD − n -modules in Proposition 7.3. Proposition 3.8 ensures that the graded multiplicities of a simple H c Dn -module in Cl V ⊗ S * V (respectively, in Cl V ⊗(S * V ) Dn ) are exactly the same as their counterparts in B Dn ⊗S * V (respectively, in B Dn ⊗ (S * V ) Dn ) given in Section 7.3.
